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INSTRUCTIONS

Pleaze read these instructions and the Nofafion section carefully. Do not
read beyond this page until instructed to do so.

You should mark your ansers only in the answer sheet that is provided
with this part of the Comprehensive Examination. Be sure to write your
magic number on the answer sheet.

This exam is open book and is compaosed of 42 questions on 7 pages,
plus one answer sheet. For each question, write either YES or NO in the
corresponding box of the answer sheet, or leave it blank. You will receive +2
points for each correct answer, —3 points for each incorrect answer, and 0
points for a blank (or crossed out) answer. You have 60 minutes to complete
the exam.

NOTATION

The notation is the one used by Enderton in A Mathematical Introduction fo
Logie, with the difference that the eguality symbol is denoted by = instead
of &2 and arguments to predicate and function symbols are enclosed in paren-
theses and separated by commas. Thus, for example, instead of Enderton’s
Fryz, flz, v, 2z) is used.

In some problems, the following symbols are used, whose definition is
repeated here for completenass:

o CnjA) is the set of consequences of an axiom set A;

o Th{?M) i5 the first-order theory of the structure MM, ie. the set of
first-order sentences, of a given language, that are true in 0.

Do not turn this page until instructed to do so.
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ProrosiTiONAL LoOGIC

Which of the following are complete sets of connectives?
1. AV

2, =, =

If P means “toves are slithy” and ) means “borogoves are mimsy”, which
of the following formulas mean “foves are not slithy, wnless borogoves are

mimay"?
3. AF=0Q
4. P—= ()
5. @— P

PREDICATE LoOGIC

Which of the following is a valid sentence of first-order logic?
6. (Vx Plz)) — (Jv Plw))
7. (3z P(x)) = (Vy P(y))
8. 3z (P(x) — Vy P(y))
9. Vz (~(z = 0) = 3y z = S(y))

UNIFICATION

Which of the following are true about unification in first-order logic?

10. {z «— z,¥ +— f(z)} is an m.g.u. {most general unifier) of f{g(z},¥)
and f(g(v). f(x)).

11. {y — f(x)} is an m.g.u. of f{f(z), %) and f(y. f(z}).
12, {z —y,y~— f(y)} is an mgu. of f(f(z),y) and fly. f(z)).

13. Let # be a unifier of {; and #;. Then {t,, 5, 15) are unifiable if and
only if £, and t38 are unifiable.
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SKOLEMIZATION

In the following, “to skolemize” means to skolemize preserving validity, as in
The Deductive Foundations of Computer Programming, x, T, Tz, ¥, = are

variables.

14. Is the existential closure of =Pz, v) = =P (22, f(z:)) & correct
skolemization of (=%z 3y Pz, v)) — (3xVy =Pz, v))7?

15. Is the existential closure of ={P{z,y) — P(z, f(z))) a correct
skolemization of y =¥z (P(z,y) — 3y Pz, 9))?

DEDUCTIVE TABLEAUX

Consider the following deductive tableau:

A G i
(1| Pl fls)) AQQw) — PU(y). fFUf(w))) .
2 FP(fla). f(f(a)}) V Q[a) N
E P(x, f(x)) |

Which of the following rows can be added to the tablean by one correct
application of a resolution rule?

16. [4] ~Q(a) | |
17. [4] | —(0(a) |
18. [4] Plz. fla)) AQ(a)} | . J
19. [4] | Pz fla)) AQ(a) |

Given a deductive tableau T, for a first-order logic, in which there i=s no
cocurrence of the equality svmbol, quantifiers, T or L, which of the following

are true’!
20. If an assertion and a goal in T are unifiable, then T is valid.
21. If no resolution rule can be applied, then T is not valid.

22. There exists a tableau containing only assertions (no goals) to which
T iz equivalent.
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Let A be a finite set of axioms for a theory T = Cn{A}, over a language with
equality, v a formula in the same language. Which of the following are then

necessarily true?
23. I, starting from a tablean containing enly formulas in A as assertions
and only v as goal, after a finite number of applications of resolution,

quantifier elimination, and equality Tules one gets a tableau with T as
a goal or L as an assertion, then T F .

24, Let SPO be the theory of strict partial orderings (over the language
with the binary predicate symbol =€ and no equality) given by the
two axioms fr [for “transttnty”) and ir (for “ireeflexivity”), ie.
8P = Co{{fr,ir}). Is it true, then, that a necessary and sufficient
condition for PO E ¢ is the existence of a tableau proof starting
from the initial tableau

|l.| | =r W =ir Vv _]?

POLARITY

Let A be a set of frst-order sentences and A’ be cbtained from A by replacing
every occurrence of a P-atom of positive polarity by T. (A FP-atom is an
atomic formula of the form P(. . .}, where P is a predicate symbol of arbitrary
aritv.] Let T' = Cn(A) and T' = Cn(A"). Which of the following hold?

25. T E g, then TV E .
26. If 9N is a model for T, then M 15 a model for T

FIRsT-ORDER THEORIES

Which of the following are decidable?
27. The set of proofs in the language {ﬂ15:+, -1
28. The set of sentences true in the structure (M, 0, 5, +).

29. The set of sentences valid in the first-order logic of the language
(0,8, 4, ).
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Which of the following are true? (M is the structure (M, 0, 5, <, +, -, E), Le.
the standard model of natural numbers; £ is the exponentiation function)

30. All countable models of Th{M) are elementarily equivalent,
31. All countable models of Th({9) are isomorphic.
32. Thi) is complete,

33. Th(M) is recursively enumerable.

Consider a first-order language with one binary predicate symbol B and
equality. Which of the following hold in this language?

34, There is a satisfiable formula all whose models are finite,
35. There is a satisfiable formula all whose models are infinite.

36. There is a satisfiable formula all whose models are countably infinite.

Consider a first-order language with equality, one binary predicate symbol
R, and no other parameters. Furthermore, consider the theory T = CniA)
of all logical consequences of axiom set A:

YrVy¥z (z=yVy=zVr=7:)
¥z R(r, )

37. Is T complete?
38. Is T decidable?
39. Is T recursively enumerable?

40, Is T axiomatizahle?
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WELL-FOUNDED INDUCTION
Which of the following relations are well-founded?

41. On tuples (as defined in The Deductive Foundations of Computer
Programmang , the relation R defined by

Rz, y) + z = tail(y) .

42. On non-negative integers, the relation R defined by

Rlz,y)+—= 3z (y=5(8{0))-z A z4+58(0)=:z)
V3z (((S(8(0))-z)+8B0)=y A r==x+5(0) ) .
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