
Solutiom to Comprehensive: Numerical Anaiysb (30 points). Fall 1885 

(Problem I) 
(15 points). Liiear Algebra 
(a) Let A be a red n x n symmetric matrix with n distinct real eigenYauUes. Show that the 
eigenvectors of A are orthogonal to one another. If A is also positive d a t e  show that the 
eigenvalues are positive. 
SOLUTION: Let 

Az = Xz, Ay = wy. 

Then 

Thus 

Since X # w we have xTy = 0 as required. Since A is positive dehite: 

and X > 0 follows. 
(b) Define the Endidean norm of a vector in R". 
SOLUTION: If v = (vr,. . . , v,,) then .. 

Thns 11vl12 = vTv. 

(c) Let A be a real, positive-definite, n x n symmetric matrix with eigendues 0 < XI < . . . < A,. 
Let 

IIzIIi = zTAz. 

Prove that 11 llA as defined is indeed a norm on R". 
SOLUTION: We need to show the foUowing three thing: 

llzllA 2 0 and llzllA = 0 if and only if z = 0. This follow from the foct thot A is @tiwe definite; 
llazllA = lalllzllA for any scalar a. But 

and the w u l t  f o l k .  
11% + YIIA 2 1 1 ~ 1 1 ~  + I l ~ l l ~ ;  

Now let C = f i  so that C3 = A. Then 

and by the CauchpSchurcrx inquality 



But IlCzl12 = zTC2z = zTAz = 1 1 ~ 1 1 ~ .  Hence 

112 + YII: -< zTAz + Y ~ A Y  + 2)1~11~( I~ l l~  

and taking squam-mots yileds the nequid muit.  

(Problem 11) 
(15 points). Daerentid Equations and Quadrature 
(a) Define the composite trapezoidal rule for the approximate integration of- 

over n intervals of equal length h = (b - a)/n. State the order of accuracy of the methods in terms 
of h, under an assumption on the smoothness off which you should state. 
SOLUTION: The rule is 

Here f i  = f (zj) and z j  = a + jh. The error is O(h2) provided f E C2([a, b], R). 
(b) Use the quadrature rule derived in (a) to derive a numerical approximation to the differential 
equation 

at time t = r + 1, by partitioning the i n t e d  [r, r + 11 into n equal subintervalt3. 
SOLUTION: The differential equation can be integrated to give n 

Thus 
rr+l 

We introduce the mesh points tn = r + nh where Nh = 1 and let fn = f(tn). Applying the 
quadrature rule to the in teed  shows that 

(c) How big (in terms of h) would you expect the error to be if you applied the method in (b) to 
the equation 

with r 2 0. What are the practical implications of using the method on this problem if r is very 
small? 
SOLUTION If r > 0 then f(t) = @I2 E C2([r,r + I], R) and the error will be O(h2). If r = 0 then 
f(t) is not a C2 function on the i n t e d  in question and the error win be smaller (in fact O(h).) 
In practice, if r is small, the method will q u i r e  very small h before seeond order convergence is 
observed. 




