
Comprehensive Solutions: Autumn 1991 
Automata, Languages, and Mathematical Theory of Compu tation (60 points) 

Problem 1 (24 poiota). (2 p b  for correct yeajoo aaswer; 2  p b  for correct reason]. 
l a .  Ye. Easily established by induction oo prooh (i.e., last rule used). 
lb .  No. P 1  is  z := 0; P 2  is while z > 0 do z := t - 1. 
l c .  Yes. Use Rule 16. 
Id. Yes. Use Rule 16 
le. No. 

y : = y + l  
t- {y = 0) P2 {y = 1) 
-,(k { y = ~ } P l { y = l ) )  

I f .  Yes. (Modulo missing 'ondn - a typo). Again use Rule 16. 

Problem 2 (16 points). 
2a. Axioms added include the following. 

(OR (EQUAL (cm I) r )  (EQUAL (or9 r )  r)) 
(OTP (OT I1 1 2  13))  
(OTP (En) 
E M  (EQUAL (OT I1 1 2  1 3 )  (ET) 1) 
(IHPLIES (AJD (o?p 1) (HOT (EQUAL I (ET)))) 

(EQUAL (OT (LT lo (LABKL 1) (Rt 1 ) )  XI) 
(INPLIES (OTP 11) (EQUAL (LT (OT x i  1 2  113)) 11)) 
(IltPLIES (IIUHEW 12)  (EQUAL (Ma (OT I1 X2 113)) 1 2 ) )  
(IMPLIES (OTP 13) (EQUAL (RT (OT ti 1 2  113)) ~ 3 ) )  
(INPLIES (OR (IOt  (OTP XI) 

(EQUAL x (€TI) 
(AID (JOT (rn 11)) (EQUAL x (OT I1 I2 X3)))) 

(EQUAL (LT 1) (ET))) 
(IIIPLIES (OR (am (OTP 1 ) )  

(EQUAL I (R)) 
(AID (lor ~IUMBW 12)) (EQUAL r (or x i  x2 13) 1) 

mu (LABE 1) (Zm) 1) 
( I n P L I E  (OR (OTP 1 ) )  

(EQUAL 1 (FT) 1 
(up (Ior (OTP 13)) (EQUAL I (m x i  12 X3)))) 

(EQUAL (1T 1) (Et))) 
(IM (rn TI) 
(107 (m PI) 
(IXPLIES (OTP X) (1QT (rD I))) ;; rD p r o t i o o a l y  i n t r o d u c e  r o c o g n i z e r  

2b. Them must be a w e l l - h d e d  relation r and a function l such that 
(IMPLIES ( U D  (QIP 1) (1OT (EQUAL X (€TI)) )  (r (B (LT XI (B 1;))) 
(IHPLIES ( A I D  (or9 X) (IQT (EQUAL X < € T I > ) >  <r (B (RT XI) (B XI>> 

are proveabk. Take l = COUIT, r = LESP. 

2c. Let (p L 1) = 
(IXPLIES (ABD (IUKBm L) (OBDEBB).TREE I ) )  

(0RDsasD.rasE ( I ISgur  L XI)) 
To instantiate the induction principal it hr d c i e n t  to find terrns q, r11,  rL1, 812, rL2 with at most 
L and I fret, a well-founded relation r ,  and a measure m meeting the conditions of the induction 
principle that 



( I I I P L I U  q (r (m rL1  8x1) (8  L X ) ) )  
( I I P L I S S  q (r (m rL2 8x2) (a L X I ) )  
( I IPLfSS  (DOT q) (p L XI )  
(IHPLIES ( A I D  q (p r L 1  s I1 )  (p st2 8x2)) (p L XI) 

are provable. This is satisfied by taking r and a as in 0 (m now ignoring ib first argument) and 

q = (Am (OTP x)  (DOT (EQUAL x (ET)))) 
rL1 = 8L2 = L 
8x1 = (LT X I  
812 = (RT X )  

Prob lem 3 (10 points). Distinct prefixes of i are inequivalent, so they must go to distinct s ta tu ,  requiring 
at  least L + 1 s t a b .  If the state encodes the longest prefix of s that is a suffix of the already-consumed 
input, L + 1 suffices. 

P rob lem 4 (10 points). 
Pa. (4 pts) 

{ r > O  A c>O)P{fi-c<z<fi). 

2b. [6 pts] The inductive assertion [3 pb] is given by 

and the well-founded aet and partial function [3 pts] are (N, <) a d  LfJ,  rapectivdy. 




