
Comprehensive Solutions: Autumn 1918 
Automata, Languages, and Mathematical Theory of Computation (80 points) 

Problem 1 (20 points). 
la. L1 consists of all the subsequences of the strings in L. Let M be a finite state automaton 

acceptiq L. Construct MI Lorn M by adding an c-edgc between every pair (4,:) of states 
of M such that there is an edge from r to t labeled with some symbol of C. The language 
accepted by MI is L1. So L1 is necessarily regular (and hence, context-he). 

lb. We will show that La is not necessatily connut-frcc (hence not re-). T& L r: 
(ub)'(cd)'. Let & = {amcnb"d" : mln I 0). Ls is not context-fiee. We will show 
that La n a'c'b'd' = L,. Since any string in La har equd number of a's .nd b's, md e q ~ d  
number of c's and d's, it follows that b n a'c'b'tf E La. Ftuthumon, for .ny m,n 2 0, 
( ~ a 6 ) ~ ( 4 ~  E shuf3e(amc", bmP). Hence La G Lt n a'e'bWP. 
Since context-free languages art closed unda intersection with re- sets, it follows that 
Lt is not context-fie. 

Problem 2 (10 points). We will assume that there exists a polynomid-time pmgma Q which 
solves the decision problem aud use it to  construct 8 polynomid timc program boo printing a 
Hadtonian cycle, thus contradicting the urumpth. 

k t  G bt 8 @ ~ a  ~ q h .  
If Q when even G u the input rcttrrru %on, we = done. If not, use the following procedm to 

h d  a Hamiltopian cycle. hmasnt that the tdgw of G u e  enumerated in ramc ftcd ordcf. Initially 
let G' = G. Repeat the f o b w i q  step for every edge e  one by one in the order ofen- 

IfQ, whtngiven G'- ( e )  u the input, uya  ppCIU, 
then set G' to G' -- { e ) ,  h.r+ G' tmchqd .  

At the mdG ~ b c a m b p a p h d G c o m p o w d d d y d a H ~ t o n i . n q & .  The time takenby 
this program eqyab the product of the number of edges of G by the tixne taken by Q, and thu is 
polpolaia irr the G. 

Problem 3 (30 points). 
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{+) repeat P until E {$ A E)  ' 

,* ! V, Q I I ~ = ~ :  S =  ~ * Q r r o t + ~ A ~ ~ O ,  
, + , v , ~ o o t , m i , z ) :  P(2*tsqrrot,==) A z m i . t ,  
:=,1, w ~ , m i , z ) :  Q(t,v, QQO~, =4i,z) A - I 1. - 6 =d $ af (8) =-Pad to 4 2 ,  Js god, rcm, i, 2) =d 9(=, 9, qoot, 4 ,  
dy. M v a i f i d o n  ccmditicxu are easy to check: 
2 0 A 0 > 0 P(*,v,~,*), 
:*, v, mot, -1 A - 2 v -, t(=, t l ,  qrrot, m 1, sf), 
: z , J , ~ o ~ , - ~ , J )  -r g(z,t,qtlot+i,nop-z,i+i,r+ a), 
:z,y,qaot,mn,i,z) A ntrnjtz -, q(z,#,qpot+i,rrm-z,i+i,z+z), 
: = , ~ , q o ~ , m i , z )  A < J - ~(=,t,mt,==), 
:r,]r,quot,rem) A - + = # . q u & + n m  A O I m m < v .  



3c.  The vdue of rem is 8 suitable variant function into (N, <). To prove termination, show 
that: 

(i) rtm 2 0 is an invariant for both loops (which follows tom (b)). 
(ii) z > 0 is an invariant of the repeat-loop (which requires stronger invuimts than (b)). 

While (i) guarantees that rem E N, condition (ii) establishes that the repeat-loop reduces 
rem with every execution (rem > rem - 2) .  So does the while-loop, because every execution 
of the whileloop indudes at least one execution of the repeat-loop. 

Problem 4 (20 points). The set of program that accept bdbitely many inputs is not t.e. 
Take an instance of the neinput halting problem: Dots program P1 hdt, when started with 

null input? From PI, construct a program Ps that accepts n if Pl has no computation that hats 
in at most n steps. If P1 hdts, Ps accepts finitely many inputs; ifno, Pa aceptr tverytbmg.. 

Suppose the set of programs that accept infinitely many inputs were r.e., i-e., the range of a 
computable faction f .  To decide whether P1 halts, far each n, test whetha PI h& in n steps 
(then PI hdts) aud whether Pa = f(n) (thm PI does not halt) until one is true. 

This is an application of the argument of the second fonn of Rice's theorem. 




